We examine the equations of motion of double field theory and the duality manifest form of M-theory. We show the solutions of the equations of motion corresponding to null waves correspond to strings or membranes from the usual spacetime perspective. A Goldstone mode analysis of the null wave solution in double field theory produces the equations of motion of the duality manifest string.
Introduction
One of the attractive elements of Kaluza-Klein theory is that it provides a single geometric construction for the Maxwell field and its action. The price is that we need to envoke an extra dimension and, if we wish to not have a whole new tower of massive states, we must also insist that fields are independent of this new dimension. We can also ask what is the interpretation, from the reduced spacetime point of view, of fields with a dependence on the KK coordinate. These are states charged with respect to the KK gauge field, with the charge being related to the momentum in the KK direction. These states will be massive from the reduced perspective since the momentum in the compact space will also appear as a mass from this perspective. Having a massless state in the five-dimensional theory with momentum along the fifth direction will then lead to a BPS state in the reduced four-dimensional theory as its charge will equal its mass (in four-dimensional) natural units.
The identification of states whose mass and charge have their origin from KK momentum was crucial in the identification of the low energy effective action of M-theory. The D0-brane was simply a momentum mode along the eleventh direction [1] . Explicitly, from the eleven-dimensional supergravity perspective it was a null wave solution. From the reduced ten-dimensional perspective this could be identified with the D0-brane solution in IIA supergravity, its charge and mass originating from the eleven-dimensional momentum of the null wave [2] .
One may view Double Field Theory or hence forth DFT [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] (and [16] [17] [18] for recent reviews), as an attempt to geometrically unify the metric and NS-NS two-form potential B [2] in a Kaluza-Klein type way. Amongst other reasons, the local symmetry of the NS-NS two-form means that one cannot lift this to just ordinary Riemannian geometry in higher dimensions. Instead one needs to have a so called generalized geometry. Double field theory extends the dimensions of spacetime so that the off-diagonal components of the generalized metric-that is the metric of the full extended space-become the NS-NS two-form potential. Then one solves the so-called strong constraint or section condition, that means effectively one then carries out a Kaluza-Klein reduction from the full extended space down to usual spacetime. The action of DFT then reduces to the ordinary supergravity action. The generalized diffeomorphisms become both the ordinary diffeomorphisms and two-form gauge transformations. (The global aspects of which have recently been explored in [19] [20] [21] ). As such we can view DFT as a novel type of KaluzaKlein theory which lifts the NS-NS sector of supergravity (i.e. metric and two-form) to a single geometric theory in higher dimensions.
The extended geometry associated with the duality manifest version of M-theory [22] [23] [24] [25] [26] [27] [28] [29] is a further extension of this idea where the three-form potential C [3] and metric are combined and lifted into a generalized metric for a single geometric theory with an extended number of dimensions. Again there is a section condition [25, 26, 30, 31] whose solution implies a Kaluza-Klein reduction back to ordinary spacetime.
It is natural to ask the question what is the interpretation of momenta along the extra directions. A few moments thought about the comparision between DFT and KaluzaKlein theory indicates that it should correspond to a fundamental string charge. Thus this indicates an intruiging interpretation for the fundamental string from the DFT point of view. The string will just be a null wave in doubled space with the momentum along the extended directions. The O(d, d) symmetry of T-duality which from the usual spacetime point of view exchanges winding and momentum will now just correspond to a rotation in the doubled space. A null wave pointing along the usual spacetime will be a momentum mode but pointing along an extended direction it will be interpreted as a fundamental string. The charge and tension of the string will just be given by the momentum. Thus from the DFT point of view there are no strings, only null waves.
We will make this connection as explicit as possible. We begin by constructing a null pp-wave solution of the equations of motion of DFT and interpret it as a massless state in doubled space carrying momentum. We then show that this is the fundamental string solution [32] when written in terms of the usual spacetime metric and two-form potential. We wish to study the dynamics of such a solution. To do so we determine the equations of motion of the Goldstone modes of this null wave solution in DFT. (Technically we follow [33] very closely). The resulting equations of motion for the Golsstone modes are the same as that of the string theory written down by Tseytlin [34, 35] to describe a string world-sheet in doubled space.
We then move to exhibit the same property for the duality manifest form of M-theory (with U-duality group SL(5)). The wave is shown to be equivalent to the membrane. Thus again there are no fundamental extended objects, only null waves. Along the way we will need to write down the equations of motion of the duality manifest theorysomething that has so far not been done. Even though the action for the manifest SL(5) theory has been known for a few years by now [27] , the equations of motion are more complicated than the Euler-Lagrange equations from that action since the generalized metric is constrained to be an element of the SL(5)/SO(5) coset. Implementing this constraint in the variational problem of the action then leads to a projected set of equations of motion just as in [8] for DFT. We then conjecture the general form for the projector in terms of the Y-tensor introduced in [31] .
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Notation
In this paper we are dealing with several different spaces of various dimensions at the same time. Here is a brief summary of the indices and their ranges used for these spaces. We start with the spacetime of dimension d with metric g µν and coordinates x µ where µ = 1, . . . , d. In DFT this is the normal d-dimensional space and for the SL(5) duality invariant theory where the dimensions are split into 4+7, these are the four dimensions the U-duality group acts on, thus d = 4.
The duals of the spacetime coordinates are denoted byx µ orxμ for DFT and y µν for the SL(5) theory. Together with the normal coordinates x µ they form a doubled or extended space of dimension D with coordinates X M and generalized metric H M N for DFT and M M N for the SL(5) theory, where M = 1, . . . , D. In DFT we have D = 2d and the doubled space is equipped with an O(d, d) structure. In SL(5) there are six wrapping coordinates y µν , where µ, ν are antisymmetrized and thus D = 10.
In what follows, we will see that the equations of motion will be projected using 
Double Field Theory
In double field theory the spacetime metric g µν , the B-field B µν and the dilaton φ are encoded in the generalized metric H M N and the rescaled dilation d as follows,
where g = det g µν is the determinant of the spacetime metric. This generalized metric is then a metric on a 2d dimensional space. We introduce the usual coordinates x µ and their dualsx µ which are combined into X M = (x µ ,x µ ) for the whole doubled space. This doubled space is also equipped with a globally defined
and all tensors are really O(d, d) tensors in the doubled space (for a discussion of this see [20] ). The action may then be written in terms of a sort of generalized Ricci scalar
with the scalar R given by
(1.5)
Here M, N are curved doubled spacetime indices and A, B are flat doubled tangent space indices. They are related via the generalized vielbeins E A M such that
In addition to this there is the so called section condition or strong constraint. This diminishes the dependence of the fields on the number of coordinates. This constraint may be written as
for any field in the theory. Its simple consequence is that one may choose to have dependence on the usual coordinates alone. [61] .) Thus at a rather simplistic level, the DFT action is like a Kaluza-Klein lift of the NS-NS sector of supergravity. Note, the last line in R containing the vielbeins was originally not present in the literature. This is because indeed it vanishes when one imposes the section condition. It is however crucial when one considers the Scherk-Schwarz reductions of the theory [62] [63] [64] [65] [66] . (We will not consider such Scherk-Schwarz reductions in this paper.) The equation of motion for the dilaton is easily obtained by varying the action
which has to vanish for any variation δd and thus gives
(Note that δR/δd = 0 up to total derivatives.) To find the equation of motion for the generalized metric we have to be a bit more careful. Varying the action with the generalized metric gives
where K M N is given by
(1.12)
The last term uses the variation of the vielbein with respect to the metric
The expression in (1.11) does not have to vanish for any δH M N since the generalized metric is constrained to parametrize the coset space
This means the generalized metric can be parametrized by g µν and B µν as written in (1.2). Thus deriving the equations of motion is a little more complicated. This was first done in [8] .
We will rederive the equations of motion here using a slightly different method because this method will be more readily applicable to the cases of extended geometry with the exceptional groups that we discuss later. The basic idea is that rather than varying with respect to the generalized metric one varies with respect to the spacetime metric and the B-field and then make the result
By applying the chain rule, the action can be varied with respect to δg µν and δB µν separately. Making use of
(1.14)
leads to
Now the g's and B's are re-expressed in terms of H, the symmetrizing brackets are dropped and the antisymmetrizing ones are expanded
The crucial step is to then re-covariantize the indices by using η M N given in (1.3)
which reproduces the previous line once the doubled indices are expanded and summed over. In a final step the terms inside the brackets are brought into a form corresponding to a projected set of equations as follows
where we have introduced the projector
which is symmetric in both MN and KL. The variation of the action has to vanish for any δg µν and δB µν independently, therefore the equations of motion are given by
and not K M N = 0, the naive equations expected from setting (1.11) to zero. This equation of motion was derived in a slightly different way in [8] by using the constraint equation
in agreement with ours. We wish to emphasize the point of rederiving these equations is just so that we can use this method in the exceptional case later.
The importance for the presence of the projector can be seen by counting degrees of freedom. The symmetric spacetime metric has 
The String as a Wave
Now we are equipped with the equations of motion of DFT and so we move on to describe a solution of these equations and subsequently examine its Goldstone modes.
Wave Solution or Fundamental String in DFT
We seek a solution for the generalized metric corresponding to a null wave whose momentum is pointing thez direction. The ansatz will be that of a pp-wave in usual general relativity [67] . This has no compunction to be a solution of DFT. As we have seen the equations of motion of the generalized metric in DFT are certainly not the same as the equations of motion of the metric in relativity. Let us immediately remove any source of confusion the reader may have, the pp-wave as a solution for g µν may of course, by construction, be embedded as a solution in DFT by simply inserting the pp-wave solution for g µν into H M N . Here we will consider a pp-wave (that is the usual pp-wave ansatz [67] ) not for g µν but for the doubled metric H M N itself and then determine its interpretation in terms of the usual metric g µν and two-form B µν .
The following is a solution to DFT in 2d dimensions given by the generalized metric H M N with line element
where the generalized coordinates are split as
and a tilde denotes a dual coordinate as explained above. This generalized metric and rescaled dilaton d = const. solve the equations of motion of the DFT derived in Section 1.3. The appendix A.1 provides the details demonstrating it is indeed a solution.
Since it is exactly the same form as the usual pp-wave solution, the natural interpretation is of a pp-wave in the doubled geometry. One therefore imagines it propagates and therefore carries momentum in thez direction. It is worth a pausing here. To determine whether it truely carries momentum would require the construction of conserved charges in DFT. This has not yet been done. It would be useful to consider objects like generalized Komar integrals and the other ways one defines charges in general relativity but now for DFT. Nevertheless, we shall proceed with the interpretation of this solution as a pp-wave and thus carries momentum in the dualz direction.
H is taken to be a harmonic function of the usual transverse coordinates 1 y m (but not of their dualsỹ m ) and as such is annihilated by the Laplacian operator in these directions, i.e δ mn ∂ m ∂ n H = 0. In DFT language, it is required (at least naively) that H satifies the section condition and so to solve the section condition it is not a function of any of the dual coordinates. The fact that the harmonic function H is taken to only depend on y m and not the dual transverse directions implies that the wave solution is smeared in theseỹ m directions. One can think of it as a plane wave front extending along the dual directions described by coordinatesỹ m but with momentum in thez direction. An explicit form of H is
where h is a constant and r is the radial coordinate of the transverse space.
We will now use the form of the doubled metric H M N in terms of g µν and B µν to rewrite this solution in terms of d-dimensional quantities, effectively reducing the dual dimensions. This is like in Kaluza-Klein theory, writing a solution of the full theory in terms of the reduced metric and vector potential
By comparing (2.4) with (2.1), the fields of the reduced theory with coordinates x µ = (t, z, y m ) can be computed. We find the metric and its inverse to be
whereas the only non-zero component of the B-field is given by
From the definition e −2d = √ ge −2φ of the rescaled dilaton d (which is a constant here) it follows that the dilaton φ is given by (φ 0 is another constant)
The corresponding line element is
which together with the B-field and the dilaton φ gives the fundamental string solution extended along the z direction [32] . We have thus shown that the solution (2.1) which carries momentum in thez direction in the doubled space corresponds to the string along the z direction from a reduced point of view. This follows the logic of usual Kaluza Klein theory. In the doubled formalism the solution is a massless wave with P M P N H M N = 0 (where the P M are some generalized momenta), but from a the reduced normal spacetime point of view the string has a tension T and charge q which are obviously given by the momenta in the dual directions with a resulting BPS equation
Of course this is no surprise from the point of view of T-duality. Momentum and string winding exchange under T-duality. It is precisely as expected that momentum in the dual direction corresponds to a string. What is more surprising is when one views this from the true DFT perspective. There are null wave solutions that can point in any direction. When we analyze these null waves from the reduced theory we see them as fundamental strings or as usual pp-waves. It is a simple O(d, d) rotation of direction of propagation that takes one solution into the other. This is duality from the DFT perspective.
Goldstone Modes of the Wave Solution
In the previous section we presented a solution to the equations of motion of DFT which reduces to the fundamental string. It will be interesting to analyse the Goldstone modes of this solution in double field theory. Especially since the advent of M-theory, it was understood that branes are dynamical objects and that when one finds a solution of the low energy effective action one can learn about the theory by examining the dynamics of the Goldstone modes. For D-branes in string theory this was done in [33] and for the membrane and fivebrane in M-theory, where such an analysis was really the only way of describing brane dynamics, this was done in [33, 68] . We will follow the excellent exposition and the method described in [33] as closely as possible.
In DFT, the diffeomorphisms and gauge transformations are combined into generalized diffeomorphisms generated by a generalized Lie derivative. We will consider small variations in the generalized metric, h M N and the dilaton, λ generated by such transformations as follows,
For all the duality invariant geometries including DFT, the generalized Lie derivative of the metric [6] is given by the ordinary Lie derivative plus a correction in terms of the so called Y-tensor
The Y-tensor [31] encodes a great deal about the geometry. For DFT, the Y-tensor is simply given in terms of the
If the metric H M N and the transformation parameter ξ M = (ξ µ ,ξ µ ) both satisfy the section condition, then the vector part ξ µ generates a coordinate transformation while the one-form partξ µ gives a gauge transformation of the B-field.
The generalized Lie derivative of the dilaton contains just the transport term plus a term for d being a tensor density
The wave solutions are extended objects and therefore sweep out a worldvolume in space. This is spanned by the coordinates {t, z}. All remaining coordinates are treated as transverse in the extended space. The solution clearly breaks translation symmetry and so one naturally expects scalar zero-modes. One immediate puzzle would be to ask about the number of degrees of freedom of the Goldstone modes. Given that the space is now doubled one would naively image that any solution which may be interpreted as a string would have 2d − 2 degrees of freedom rather than the expected d − 2. We will answer this question and show how the Goldstone modes have the correct number of degrees of freedom despite the solution living in a 2d dimensional space. The projected form of the equations of motion are crucial in making this work out.
To carry out the analysis it will be useful to split up the space into parts longitudinal and transverse to the string. One collects the worldvolume coordinates t and z into x a and similarly for their duals 2xā = (t,z) such that the generalized coordinates are X M = (x a , y m ,xā,ỹm). This allows the non-zero components of the metric and its inverse to be written as
where the constant symmetric 2 × 2 matrices I and J are defined as I = −1 0 0 1 and
For later use also define their (antisymmetric) product
Following [33] , we now pick a transformation parameter ξ M with non-zero components only in the transverse directions, but with no transformation along the worldvolume directions (and the directions dual to the worldvolume). This transformation may then be described by the DFT vector field
whereφ m andφm are the constant vectors that later will become the Goldstone modes once we allow them to have dependence on the worldvolume coordinates; H is the harmonic function given above and α, β are constants that are to be determined by demanding that the Goldstone modes become normalisable. Using
we can compute the components of h M N in terms ofφ m ,φm. Recall that both the metric and the transformation parameter only depend on y through the harmonic function H. Therefore ∂ m is the only derivative that gives a non-zero contribution. We find
and all terms with indicies mixing a,ā with m,m vanish. For the dilaton there is no contribution from the transport term as d is a constant for our solution. This leaves the density term which gives
Once we have these equations, the next step is to allow the moduli to have dependence on the worldvolume coordinates,
and the hats are removed. These are the zero-modes. We now determine their equations of motion by inserting (2.21) into (2.19) and (2.20) and then subsequently into the equations of motion for DFT, (1.10) and (1.21). As usual we keep only terms with two derivatives and first order in h M N and λ themselves. (It would certainly be interesting to move beyond this expansion and compare with a Nambu-Goto type action but we will not do so here). This gives
For convenience we will define = HI ab ∂ a ∂ b and
we find
where K was defined in (2.16). Further, inserting λ from (2.20) gives the dilaton equation
It is straight forward to see that the dilaton equation is solved by φ = 0. For the other equations we have to work a bit harder. The full equations of motion for the generalized metric are the projected equations (1.21) which contain d 2 linearly independet equations
(2.28)
Inserting for K M N from above yields the equations of motion for the zero modes. The first two read
and can be solved by φ = 0 and φ = 0 respectively. The next block of equations (2.27) can be re-covariantized by using
(2.31)
Adding these two equations gives
where for γ = α, β we have W
If α = β we have the same object W mn on both sides which can be shown to be invertible. The equation can thus be reduced to a duality relation between φ andφ 
and precisely matches the result in [36] for the duality symmetric string. The final block of equations of motion (2.28) are either trivial or are also of the form φ m (H α ∂ m H) = 0 provided α = −1. If one was not concerned by normalisation of the modes then this also provides a way of constraining the value of α. The consistent choice of α = −1 is fortunately the choice that also leads to normalisable modes. This may be seen by examing the case α = −1 and integrating over the transverse space. This exactly mirrors the situation described in [33] . The Goldstone modes are really the normalisable modes corresponding to broken gauge transformations. Where for gravity the gauge transformations are ordinary diffeomorphisms, in the case of DFT it is generated by the generalised Lie deriviative. (In case the reader is more familiar with the study of monopoles, the analogue of the modes described in this paper is with the dyonic U(1) mode in the monopole moduli space.)
One can now turn equation (2.33) into a (anti-)chiral equation for a linear combination of φ andφ as follows. Introducing ψ ± to be given by
and inserting them into (2.33) and its Hodge dual gives the familiar (anti-)self-dual leftand right-movers dψ ± = ± ⋆ dψ ± (2.36)
of the Tseytlin-string [34, 35] . Thus the dynamics of the Goldstone modes of the wave solution reproduce the duality symmetric string in doubled space. The number of physical degrees of freedom are not doubled but just become rearranged in terms of chiral and anti-chiral modes on the world-sheet.
The Membrane as a Wave
In a similar manner to the string, the membrane will be shown to arise from a massless solution corresponding to a wave in an extended geometry. We will demonstrate this for the membrane in the SL(5) duality invariant theory though it is imagined that this will be true of all the extended geometries corresponding to the exceptional groups. We begin with the equations of motion of the SL(5) theory. The actions of the U-duality manifest theories have been explored at length [29] but the equations of motion will require the construction of projectors just as in the O(d, d) case since we should only consider variations of the actions that preserve the generalized metric coset structure. We begin by describing these projectors.
The SL(5) Duality Invariant Theory
Let us start by examining the extended geometry of the SL(5) duality invariant theory. This arises from the full eleven-dimensional theory by splitting the dimensions into 4+7. The U-duality group acts on the four dimensions and can be made manifest by including the six dual dimensions corresponding to membrane wrappings. There is then a (4+6)-dimensional extended space with manifest SL(5) invariance and no dependence on the remaining seven dimensions. Referring to the E 11 decomposition into SL(5) × GL (7), schematically a generalized metric of such an (10+7)-dimensional space can be written as (see [69] )
whereM is the generalized metric on the extended space and g 7 is the metric on the remaining seven dimensions. The conformal factor up front is important as it relates these two otherwise independent sectors, it is given in terms of the determinant of g 11 , the metric of the full eleven-dimensional space. ThisM M N is the generalized metric as first given in [27] . It parametrizes the coset SL(5)/SO(5) in terms of the spacetime metric g µν and the form field C µνρ
for coordinates X M = (x µ , y µν ) in the 10 of SL (5) and with g µν,ρσ = 1 2
(g µρ g νσ − g µσ g νρ ) which is used to raise an antisymmetric pair of indices. Note that there is no overall factor in front, this metric has a determinant of g −2 where g is the determinant of the four-metric g µν . Therefore in this form it is actually an element of GL (5), not SL(5). This can be remidied by considering the following.
The theory contains a scaling symmetry for the GL(5) which can be used to rescalẽ
M N (this particular rescaling leads to a generalized metric with unit determinant, i.e. det M M N = 1). Noting that det g 11 = g det g 7 and assuming a simple form 3 for the seven-metric such that det g 7 = V we have
Under an SL (5) transformation the seven-sector should remain unchanged, therefore we have the following SL(5) scalar density
(3.4) which we will us to write down the correctly weighted action for the extended theory. In terms of the generalized metric M M N with unit determinant and the volume factor ∆ the action reads
where the scalar R is given by
The first two terms reproduce the Einstein-Hilbert and Maxwell term upon imposing section condition. The last two terms are kinetic terms for ∆. The equations of motion for ∆ can be found by varying the action and are given up to total derivatives by R = 0. On the other hand, varying the action with respect to the generalized metric and integrating by parts gives
(3.7) Note that there is no term for varying e ∆ . This factor contains information about the determinant of M M N but does not change if the metric is varied as it is fixed to have unit determinant. We will denote everything inside the brackets by
As in the case of DFT, (3.8) does not have to vanish for any variation δM M N since the generalized metric is constrained to parametrize a coset space. This gives rise to a projector to eliminate the additional degrees of freedom. To impose this constraint and find this projector, one has to use the chain rule. In order to vary the generalized metric with respect to the spacetime metric and the C-field, it will be usefull to use indices a = {µ, 5} in the 5 of SL(5). The coordinates are then
where ǫ µνρσ is the permutation symbol in four dimensions, a tensor density. The generalized metric and its inverse take the form
. Note the factor of g 1/5 up front since this is the rescaled metric with unit determinant. Using the chain rule and varying the metric in (3.8) with respect to δg µν and δC µνρ gives
where the term 1 5 K M N M M N g µν δg µν arises from varying the determinant factor. After cleaning up and dropping the symmetrizing and antisymmetrizing brackets, the g's and C's are re-expressed in terms of M (factors of g 1/5 have to be accounted for carefully)
Now the indices can be re-covariantized to be expressed as
which reproduces the previous line if the extended indices are expanded and summed over. In a final step these expressions can be written in terms of a projected set of equations
where the projector is given by
which is symmetric in both MN and KL as can be seen from the contraction with the symmetric δg µν and K KL respectively. Note that the term containing δC µνρ does not impose any symmetry property on the projector. The variation of the action has to vanish for any δg µν and δC µνρ independently, therefore the equations of motion are given by
with K M N defined in (3.8).
Divertimento: Equations of Motion with a Projector
In general, the dynamics of extended geometry can be described using a projected equation of motion. The action is given by
where the Lagrangian L includes the integration measure for the extended space. Setting the variation of the action to zero gives
where K M N = δL/δM M N is the variation of the Lagrangian with respect to the generalized metric. The integrand does not have to vanish for any δM M N since the generalized metric is constraint to parametrize the coset space G/H. This constraint gives rise to a projector in the equations of motion
The extended geometries are all equipped with the so called Y -tensor described in [31] . The Y -tensor determines the deviation from usual geometry in that it gives the correction to Lie derivative to form the generalized Lie derivative given in [30] . Following the method for O(d, d) and then SL(5) where we use a chain rule type arguement, we see that the projector may be written in a standard form using only the generalized metric and the Y -tensor
together with the constants a and b which depend on the dimension of the extended space D and thus the U-duality group. These constants together with the Y -tensor are given in the following table for some of the duality groups under consideration. Our P M N KL is a genuine projector in the sense that P 2 = P and its eigenvalues are either 0 or 1. The eigenvectors with eigenvalue 0 span the kernel of the projector. Those parts of K M N proportional to these eigenvectors are projected out and eliminated from the equations of motion.
The multiplicity of the eigenvalues 0 and 1 are called nullity (dimension of the kernel) and rank of the projector respectively. They add up to the dimension D of the vector space of eigenvectors. We have not shown that this is true beyond the groups in the table above since the calculations have been done just by brute force. However, given the structure of the exceptional geometric theories, in that the theories up to E 7 are completely determined by the generalized metric and the Y -tensor (along with a few dimensionally dependent constants), then we expect this projector to be true at least up to E 7 with only the constants a and b to be determined. Note, the object K M N is symmetric and thus has 1 2 D(D + 1) independent components in a generalized space with D dimensions. The bosonic degrees of freedom of the theories under consideration are given by the metric tensor g µν and the form fields B µν or C µνρ (plus one for the dilaton φ in DFT and the volume factor ∆ in the SL(5) theory). One equation of motion is needed for each of those degrees of freedom. The projector reduces the components of the equation K M N = 0 such that the right number of independent equations remain.
Wave Solution or Membrane in the SL(5) Theory
The wave solution for the SL(5) duality invariant theory is given by a generalized metric M M N with line element
This generalized metric solves the equations of motion of the SL(5) theory derived in 3.1 (see Appendix A.2). It can be interpreted as a pp-wave in the extended geometry which carries momentum in the directions dual to x 2 and x 3 i.e. combinations of y 12 , y 13 and y 23 . Since it is a pp-wave it has no mass or charge and the solution is pure metric, there is no form field it couples to. As before, H is a harmonic function of the transverse coordinate x 4 : H = 1 + h ln x 4 . It is smeared in the remaining dual directions. A Kaluza-Klein ansatz suitable for the geometry here that allows us to rewrite the solution in terms of four-dimensional quatities and reducing the dual directions is
The factor e 2φ is a scale factor and needs to be included for consistency. This decompostion of the generalized metric into the usual metric and C-field resembles the form of the generalized metric (3.2) as in the DFT case.
By comparing (3.24) with (3.23), the fields of the reduced system with coordinates x µ can be computed. From the diagonal terms we find
and g µν,ρσ = e −2φ diag(−H, −H, −1, H, 1, 1) (3.25) and since g µν,ρσ is given by g µν , the inverse of g µν , we need e 2φ = H −1 for consistency. The corresponding line element is
The off-diagonal terms give the antisymmetric C-field whose only non-zero component is
This metric and C-field look like the membrane in M-theory. To complete this identification, (3.26) has to be rescaled to be expressed in the Einstein frame. The standard rescaling procedure (in four dimensions) gives
where
Therefore the rescaled metric readsg µν = H 3/2 g µν and the full solution in the Einstein frame is
which is indeed the M2-brane in four dimensions in the Einstein frame. The membrane is extended in the x 2 − x 3 plane. We have thus shown that the solution (3.23) which carries momentum in the directions dual to x 2 and x 3 in the extended geometry corresponds to a membrane stretched along these directions from a reduced point of view. By similar arguments as in the string case, the mass and charge of the M2-brane are given by the momenta in the dual directions.
Goldstone Modes of the Wave Solution
Following the same procedure as for the DFT wave we will now perform the Goldstone mode analysis for the wave in SL (5) . To do this we will use the five-dimensional coordinate representation introduced above and split the coordinates into worldvolume and transverse parts. Note that the membrane in four dimensions only has one transverse direction. By introducing m, n = 1, 2, 3, the coordinates read
In this notation the non-zero components of the generalized metric for the SL(5) wave given in 3.23 can be written as
where the harmonic function H is a function of X 45 = x 4 only and for convenience these two matrices are introduced
The generalized Lie derivative of the metric and the volume factor (a density) are given by the same expressions as before (cf. (2.11) and (2.13)) with the Y -tensor for SL(5) being
where these are five-dimensional permutation symbols which are tensor densities. We thus have
We again pick a transformation parameter ξ M with non-zero components only in the transverse directions but not along the worldvolume (and its dual). This can be described by an SL(5) vector field
whereφ andφ ij are a constant scalar and dualized vector that later will become the Goldstone modes once they are allowed a dependence on the worldvolume coordinates, H is the harmonic function and α, β are constants determined by normalisability. and, recalling that ∆ is a constant for our solution,
Now the four modes φ,φ 12 ,φ 13 andφ 23 are allowed to depend on the worldvolume coordinates x m (and the hats are removed). For the equations of motion we need K M N and R only with terms with two derivatives on m M N and λ. There are no such terms in R as given in (3.6) but upon integrating by parts they can arise. We thus have
Inserting m M N and defining φ = HI mn ∂ m ∂ n φ this gives
The volume factor equation gives
which is solved by φ = 0. Now we have 14 components of the projected equation of motion P M N KL K KL = 0:
• three of the form K m5,45 ∼ K kl,n4 + K kl,n5 The first and second block of equations can be combined to get cancellations, resulting in three equations forφ ∂ 2φ 12 + ∂ 3φ 13 = 0
(3.49)
ǫ ijkφ jk this can be written as
All the remaining blocks of equations are either trivial or satisfied by φ = 0. One would expect a non-zero right-hand side for the above equations of the form ∂ m φ to get relations between φ andφ
This does not only provide a condition for β to be equal to α, but also the three equations needed to reduce the number of modes from four to one. The reason for the zero on the right-hand side is due to a degeneracy in considering the membrane with its three-dimensional worldvolume in a four-dimensional background. There is only one transverse direction and hence only one contributing derivative ∂ 45 ≡ ∂. So a term like
as it arose for the string vanishes for the membrane. It would be interesting to see if the same calculation for the membrane derived from a wave in a larger extended geometry, e.g. the (5+10+1)-dimensional extended space with manifest SO(5, 5) invariance along five dimensions, would provide a duality relation between the φ's andφ's that could be turned into a self-duality relation resembling the result in [37] .
Discussion
We have seen that strings and branes are null waves from the point of view of extended theories. The BPS nature of these solutions has its origin in the fact that the null wave is BPS and its reduction naturally gives rise to a BPS condition of charge being equal to tension. There are immediate natural extensions to this work such as understanding how this works for the supersymmetric theory and checking how this works for other branes such as the M-theory fivebrane. There is also the the more ambitious question as to whether the same analysis works for lower BPS objects such as 1/4 BPS states.
The Goldstone mode analysis provides a particularly interesting interplay between worldvolume and spacetime approaches. The solutions all obey the section condition and the local symmetry variations used to calculate the Goldstone modes also obey the section condition but there are still components of the variation,φ, that are in the extended directions. These are crucial in giving the Tseytlin string. Thus the relation to the section condition in the target space and the chirality condition may be understood as follows. From the point of view of the string world-sheet one should view theφ deformations as components of a local symmetry variation in the extended dimensions but one that still does not functionally depend on the dual coordinates. This is crucial since it means the section condition is still obeyed in the Tseytlin string.
Other fascinating possibilities will be to extend this to branes that are non-BPS but are thermodynamically excited. The hope of embedding brane thermodynamics in DFT and extended geometries is intruiging.
From this perspective there is an intriguing possibilitiy of how one should calculate string scattering amplitudes. Many novel contemporary techniques have been developed for understanding the amplitudes of the massless sector of many theories [70] . Now string and branes themselves may be viewed as massless objects all be it in a theory with extra dimensions. These objects being massless degrees of freedom fits well with the idea (previously expressed in [43] ) that one may think of strings and branes as Goldstone modes of the spontaneously broken duality symmetry. As such the appearance of nonlinear realized duality symmetry (see for example [29] and references therein) in the target space is unsurprising from this perspective. Effective actions of sigma models with nonlinearly realized symmetries in target spaces began with the effective action of pions, the Goldstone modes of broken chiral symmetry.
Another direction of interest is to consider unsmearing the wave solution. It is uncertain whether this can make sense since it will then break the section condition and yet with Scherk-Schwarz theories the section condition is broken and with the localized KKsolution [71] the branes become localized in a dual coordinate. Studying the particulars of interesting backgrounds like those described in this paper and their localizations may provide insight into futher possibilities. 
Similarly the terms in K M N and R where the derivatives are contracted with the generalized metric (in any combination) vanish since the only derivative we need to consider is ∂ m , but upon contraction this forces both indices on H to be of kl type and H kl = δ kl so its derivative vanishes. Thus we have shown that all terms in K M N and R are zero and therefore the equations of motion is satisfied by our solution.
A.2 The Wave in SL(5)
As for the DFT solution, we have to check that the solution presented in (3.23) is actually a solution to the equations of motion (3.17) and R = 0 of the extended geometry of SL (5).
Before we insert the metric into K M N and R, we note some simplifications. The harmonic function H is a function only of the transverse coordinates, just x 4 = X 45 in our case. Therefore the only derivative that yields a non-zero result is ∂ 45 which we will simply denote by ∂. Thus, just as in the DFT case, terms like
that is terms where a derivative acts on a metric which is contracted with a derivative, vanish since M 45,45 = 1. The volume factor ∆ is a constant for our solution, so all terms with ∂∆ also vanish. Furthermore, since H is a harmonic function, it is annihilated by the Laplacian and therefore
since all the components of M M N are linear functions of H. With these simplifications in mind, most of the terms in K M N and R vanish trivially. We only need to check two terms explicitly, namely
Using the notation of Section 3.4, we start with the first expression and expand the indices to get Similarly we can show that the other expression in (A.5) vanishes 
